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The three-dimensional stress—strain state of an inhomogeneous thin truncated hollow cone is studied
by the method of direct asymptotic integration of the equations of the theory of elasticity [1]. Assuming
that the load is sufficiently smooth, inhomogeneous solutions are constructed, which enable the load to
be removed from the lateral surface of the cone. Homogeneous solutions are then constructed.
Asymptotic expansions of homogeneous solutions are obtained, which enable the stress-strain state to
be computed under various boundary conditions on the ends of the cone. The nature of the stress—
strain state is clarified by a qualitative analysis. It is shown that, as in the homogeneous case [2], the
stress-strain state consists of three types: the internal stress state, the simple boundary effect, and the
boundary layer.

1. ConsIDER the axisymmetric problem of the theory of elasticity for an inhomogeneous trun-
cated hollow cone with two conical and two spherical boundaries. We will consider the cone in
a spherical system of coordinates r, 6, ¢, where

nEr<rn, 0,<0<0,, 0s¢<2n

We introduce new dimensionless variables n and p

n=(0-6,)/¢e, p=r/n,

where 6,=(6,+0,)/2 is the angle at the vertex of the middle surface of the cone and
€=(0,—6,)/2 is a small parameter characterizing the thickness r, = (r1)"? of the cone. Note
that ne[-1, 1] and 6, €]0, n/2|.

We assume that the Lamé parameters G=G(n) and A=A(m) are arbitrary positive
piecewise-continuous functions of .

The equations of equilibrium in terms of displacements have the form

Lus=(Ly+€d,L, +€%0 L)u=0 (1.1)

Here w=(u,, u,)', u,, and u, are the components of the displacement vector, and L, are
matrix-valued differential operators of the form

tPrikl. Mat. Mekh. Vol. 57, No. 5, pp. 113119, 1993.

8n



872 N. K. AKHMEDOV and M. F. MEKHTIYEV

, —t0G-¢€xd-
909G+ eGetg(B, + £N)o - 2ke )
—(G+x)e”ctg(8y +en)f
Ly= K0 + (28G + £0A) X
fea(c+1)+2eGa xctg(8, +en) — ke x
x csc (8, +en)
_f2ex A0+ dG +&(G + A)ctg(6, + en)
Li=lcaran 2¢6
_x 0
“lo G
d 0 92
a='§n—, a,=p-55, af=p25;2-, x=2G+A

We will assume that the following boundary conditions are specified on the lateral surfaces of
the cone

"In=il =M “|n=tl =q*(p) (12)
Here
0 =(0,9,0¢9) q @) = (F*(p).A*(p))

M= (Mo +831M1)/(8p)

M. Go —€G

O lx+A)e  x9+ehctg(d, +en)
wol ¢

ix o

The loads f*(p) and h*(p) given on the lateral surfaces are assumed to be sufficiently smooth
functions.

2. Consider the construction of particular solutions of (1.1) that satisfy the boundary
conditions (1.2), i.e. inhomogeneous solutions.

Assuming that e is small enough and that the load on the boundaries of the cone is of order
unity with respect to €, we will use the asymptotic method of [1] to construct inhomogeneous
solutions.

We will seek a solution of problem (1.1), (1.2) in the form

u=el(uy +eu, +eu,+..), u; =(u,,u,)", i=0,12,... 1)

The substitution of (2.1) into (1.1) and (1.2) leads to a scheme, which, after integration with
respect to n yields relations for the coefficients of the expansion (2.1), that enable asymptotic
formulae to be obtained for the stresses. The analysis of the stress state indicates that the
stresses 6,, and o, are of order ¢ with respect to €, while o, and o, are of order unity.

3. We shall now construct homogeneous solutions. To this end, we set ¢ =0 in (1.2).
Finding the solutions of the homogeneous systems in the form

u(p,m) =p*Au(m), v(n)=(a,b)
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after separation of variables, we arrive at the following non-self-adjoint spectral problem

(Lo +€(z = B)X(L, —eLy) +€*(z= )’ L)v =0

3.1
(Mo +€(z= M)V, 4y =0 G

The homogeneous solutions corresponding to the first iteration can be obtained from the
formulae for the inhomogeneous solutions by setting q* =0. We have

) = (4p) ' Col-280Gq' cg 8y + €8N -8G\Gy' +2,Gg"

1
xcsc? 8, + 4G5 ctg? eo( J26x71G + ).)?xx"dxa*n -
-1 0

1
-t ?2G(G + x)x"dxdr.)+ 20G4? ctg? 0, x
-1 -1

(32)

-1

1
X( f2Ax"" | Gaan - & )]+ O(e?)}
-1
ug? = (2p)" Cof2+ e[ngoGo' - ?21K"dx]ctg 8, + 0(e®))
0
1
& = J4Gx(G+Mntdn, G, = }Gn*dn
-1 2

The eigenvalues corresponding to these solutions are z,=-1/2.
We will now construct the second iteration. We will seek a solution of the form
aD () = e# (ay () + e¥ay (W+...)
D ()= by (M) + &%y, (W)+... (33)
z= e%(ao + &0, +...)
After some reduction, we obtain
y 4 4
u® =ehph zxAj @ 4P =p % .ZlAJ'UéJZ)
J= Jj=
- (34)
Ur(iz) = {"ao;'"l +-“o}'8o : (a%jgl —fpctgOy)+ G%[ﬂ(% -
~ag o ; Inp) +05585" ((80 — o / 2)ctg By — 3038, / 2) +
(az‘ _ 0 -1.-1 -%
+(0g;8 —foctgOy)ge g0 ; Inpl+ 0(e)} exp(e "ag; Inp)
g’ = {1 +efy;Inp+ 0(8)}exp(tz‘}5m0 ;jInp)
1
= [2GAx ' dn
-1
We obtain the following biquadratic equation for o;

(2082 - 81)08; + 2110 — 8oty )18 803 + (25 —13)ctg® 8, =0



874 N. K. AKHMEDOV and M. F. MEKHTIYEV

It follows from (3.4) that ¢% and o are of order unity with respect to €, while o) is of
order e and o"’ is of order ¢,
Let us now construct the third iteration. We will seek a solution of (3.1) in the form
v (1) = g(v3o (M) +Ev3 (+...)
2= (Bp +€By+...) (3.5

Vi =(aak,b3k)r, k=0,12,...

Substituting (3.5) into (3.1), we obtain a spectral problem for the initial terms of the
expansion, which describes the potential solution for a plate of non-uniform thickness, which
was investigated in [3].

At the next stage of asymptotic integration we obtain a boundary-value problem for v, and

B

Thus, the solutions corresponding to the third iteration have the form

u?=pFe IBUQ. WY =pFeIBUQ
k=1
US = poBakwi (M) - Py () +0(®)|exp(e'Bo, Inp) 36)

Ugi = [‘Ba(Po‘V:)' =285+ Bor(p2v) + 0(9)] exp(e”'Box Inp)
po=K/(8G(G+A)), p, =1/Q2G), p,=L/(4G(G+]))

Here y,(n) is the solution of Papkovich’s generalized spectral problem for the inhomo-
geneous case [3, 4].

4. On the basis of the above analysis we shall determine the form of the solutions obtained.

We will study the relationship between the homogeneous solutions and the principal stress
vector P acting over the cross-section r=const. We have

0.
P=2nr? [(G,, c0s8 G 4 sin B) sin 646 (4.1)

L]

We represent the displacements in the form
w =+ SCo* Ko ). w=1+ T Cp" b, ) (42)

(the displacements defined by the second and third groups of solutions are included).
For the stresses we find that

n=o+ 3 Cp*HQ M), o,=0R+ I G FERm) 43)
k=1 k=]

0, (M) = (2 — JB)Ka; + M(2a, +£7'b; + by ctg(8, +em)),

T, =G(ea, +z, - ¥B)b,) (k=1,2,3,...)

The terms o® and o in (4.3) correspond to the eigenvalues z,=-1/2.
Substituting (4.3) into (4.1), we get
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P =2nrdew,C, + 21tr02t:‘§:',1 Cp* 2,

©g = -Gogy' (1o + &) sin 26, + O(e)

@, = ] 10, (M)cos(By +2m)~ T (sin(@y + emlsint@ +enhan

We shall prove that o, =0 for all k=1, 2, . ... To this end, we consider the following
boundary-value problem

f"%Tk(n)

G’TIp:p] = P?-%Qk('ﬂ), O, p=py =p

(4.4)

°”|P=pz =p3 %0, (m), 0,6 oo o7 I,(w

A necessary condition for the first problem of the theory of elasticity to be solvable is that
the principal vector and principal torque of all external forces should both vanish [5].

In the case under consideration the projection of the principal vector (4.4) of external forces
on to the axis of symmetry 6=0 yields

P = (P;P% - Pfk+%)‘°k =0

This latter equality is possible only if ®, =0. Finally, we get
P= 21"'028C0(1)0 (4‘5)

for the principal vector.

The stress state corresponding to the second and third groups of solutions is self-balanced
on each cross-section r = const.

The solution (3.2) corresponding to the first asymptotic process defines the inner stress—
strain state of the shell. The initial terms of its expansion in € define the torque-free stress state.
The stress state corresponding to (3.4) represents the boundary effects in the applied theory of
shells, The initial terms of the expansion of the solution (3.4) in e together with the leading
terms of (3.2) and (2.1) can be regarded as the solutions according to the Kirchhoff-Love
theory. The third asymptotic process is defined by the solutions (3.6), which have a boundary-
layer form. The leading terms of (3.6) are fully equivalent to the St Venant effect for an
inhomogeneous plate (3, 4].

5. Consider the problem of removing the stresses from the end surfaces of the shell. We
assume that the stresses

Oy, = fis s O], =Fr.(0), (s=1.2) (5.1

are given on the spherical part of the boundary. Here f,,(n) and f,,(n) are sufficiently smooth
functions satisfying the conditions of equilibrium.

As has been demonstrated, the non-self-balanced part of the load (5.1) can be removed using
the penetrating solution (3.2), the relationship between C,; and the principal vector P being
given by (4.5). Henceforth we shall assume that P =0. By this assumption, C;=0.

We will seek a solution of the form (4.2). As in [2, 6], we will use the Lagrange variational
principle to determine the constants C,. In the case in hand the variational principle takes the
form
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2 psj [(0' _f.\')su +(0, fs)auﬂl s
= 1 0~ J2 Ip =p (5'2)
xsin(@, +en)dn=0
Assuming that 3C, are independent variations, from (5.2) we obtain the infinite system
EID,-,:C,, =h; (j=123,..) (53)

of linear algebraic equations. Here

Dy =(pi ™ +p3" )I (0 (M)a; (M) + Ty ()6 (]sin(8 + enan

h=Zp: *"I [ £ (Wa; () + £, (W ()] sin(8 + emien

The solvability and convergence of the reduction method for the system (5.3) was proved in

[7].

In view of the fact that 6@ =O(1) and o =O(¢'*), we can refine the assumptions concern-
ing the external load.

We shall assume that f,(n) are of order one. We decompose the shear stresses given on the
spherical parts of the boundary as follows:

fs =1+ 1D (5.4)
w_11 @) W
2s = E Ile.rdns f2.r = f2.r f

It can be shown that £ are of order ¢"2. Then f£2 can be of order unity. Thus, we get

fis=0Q), fP=0(e?), £2=0q) (55)

We shall seek the unknown constants A, and B, in the form
A; = Ay +eBA, veA, ... (5.6)
B, = B,y +€By +E%Byy +... | (5.7)

Substituting (5.6) and (5.7) into (5.3) and taking (5.5) into account, we obtain the following
systems of infinite linear algebraic equations

4
YciAjp =1 (i=123,4) (5.8)
j=l
SmyBy =d, (n=123,...) (59)
k=1

Here
cij =(0g; —Oy; )85’ (8 (a%jgl —tyctghy) - g (a?,,-gz -t ctgfy)ix

3 %
X Zl exp(e "%(ag; + 0o ) Inpy)
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2 31
T,=X Ps/zf [fis (051 80" (0ud;8; — o Ctg By ) — 0tg,M) +

s=1 -1
+£D1dnexp(e %oy Inp,)

The matrices of system (5.9) are known from the theory of inhomogeneous plates [3]. A
numerical analysis of various problems has already been carried out a number of times using
(5.9).

The problem of determining A,, B, (I=1, 2, ...) invariably reduces to inverting the same
matrices as those for (5.8) and (5.9).

The homogeneous and inhomogeneous solutions found not only reveal the qualitative
characteristics of the three-dimensional solution in the theory of inhomogeneous shells, but
can also serve as an efficient formalism for solving particular boundary-value problems, as well
as the basis for evaluating simplified theories.

Note that when G =const and A =const, all the solutions obtained above are exactly the
same as those for a homogeneous cone [2]. In particular, as was shown in [2], the solution
corresponding to the eigenvalues z,=-1/2 is identical with the Mitchell-Neuber solution for a
cone [5].

Remarks. 1. When 6, — 0, the solutions defined by (3.4) and (3.6) become solutions for an inhomo-
geneous cylinder [8].

2. The case when 6, =m/2 is singular and corresponds to an inhomogeneous plate of variable thickness
(this case is not considered in the present paper).
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